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Abstract
WeestablishMehler–Heine-type formulas for orthogonal polynomials related to rationalmodiﬁcations ofHermite
weight on the real line and for Hermite–Sobolev orthogonal polynomials. These formulas give us the asymptotic
behaviour of the smallest zeros of the corresponding orthogonal polynomials. Furthermore, we solve a conjecture
posed in a previous paper about the asymptotics of the smallest zeros of the Hermite–Sobolev polynomials as well
as an open problem concerning the asymptotics of these Sobolev orthogonal polynomials.
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1. Introduction
In the XIXth century Mehler (1868) and Heine (1878) introduced the following formula for Legendre
polynomials Pn:
lim
n→∞ Pn(cos(z/n))= J0(z),
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uniformly on compact subsets of C, where
Jk(x)=
∞∑
j=0
(−1)j (x/2)2j+k
j !(j + k + 1)
is the well-known Bessel function of the ﬁrst kind. These formulas were later generalized for the classical
orthogonal polynomials: Jacobi, Laguerre and Hermite (see [18, pp. 192–193]).
These formulas for Hermite polynomials Hn(x)= 2nxn + · · · are
lim
n→∞
(−1)n√nH2n
(
x/
(
2
√
n
))
22nn! =
1√

cos(x),
lim
n→∞
(−1)nH2n+1
(
x/
(
2
√
n
))
22n+1n! =
1√

sin(x),
both uniformly on compact subsets of C. In fact, it can be shown
lim
n→∞
(−1)n√n+ jH2n
(
x/
(
2
√
n+ j))
22nn! =
1√

cos(x), (1)
lim
n→∞
(−1)nH2n+1
(
x/
(
2
√
n+ j))
22n+1n! =
1√

sin(x), (2)
both uniformly on compact subsets of C and uniformly on j ∈ N ∪ 0.
By Hurwitz’s theorem, this type of formulas gives us the asymptotic behaviour of the smallest zeros of
the corresponding orthogonal polynomials. In general, we have a limit relation between the zeros of the
classical orthogonal polynomials (Jacobi, Laguerre and Hermite) and the zeros of some Bessel function
of the ﬁrst kind. Let hn,i be the positive zeros of Hn. Then, for Hermite polynomials we have
lim
n→∞ 2
√
nh2n,i = (2i − 1)2 , limn→∞ 2
√
nh2n+1,i = i, i ∈ N.
Mehler–Heine-type formulas and their consequences about the asymptotic behaviour of the corre-
sponding zeros have been studied for different families of polynomials. Thus, for example, these type of
formulas have been obtained for disk polynomials in [4], and for polynomials orthogonal with respect
to a Freud weight e−|x| with > 0 they can be deduced from the results in [15]. More recently, these
formulas have been obtained for multiple orthogonal polynomials associated with the modiﬁed Bessel
functions of the ﬁrst kind in [6] and for some types of Sobolev orthogonal polynomials in [2,5,12].
In this paper, we are interested in ﬁnding aMehler–Heine-type formula for the orthogonal polynomials
with respect to the inner product:
(f, g)=
∫ ∞
−∞
f (x)g(x)
e−x2
x2 + a2 dx, a ∈ R, a = 0.
Immediately, one question arises: why should we be interested in this particular inner product? There are
several reasons: one of them is that the zeros of these polynomials could be used in a Gauss quadrature for
certain rational functions (see [10] and the paper [9] about the computation of the zeros of the orthogonal
polynomials with respect to a standard inner product involving measures modiﬁed by a rational factor).
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Another reason is that the measures d(x) = e−x2/(x2 + a2) dx and d(x) = e−x2 dx are companion
measures as it appears in [3,17] and, is shown in these papers, it is interesting to obtain algebraic and
analytical properties of one of the families of the corresponding orthogonal polynomials in terms of
the other family of orthogonal polynomials. On the other hand, from the point of view of the Sobolev
orthogonality we have the measure d(x)= e−x2/(x2 + a2) dx that appears as the “second measure” in
the Sobolev inner product: > 0, a ∈ R\{0}:
(f, g)S =
∫ ∞
−∞
f (x)g(x)e−x2 dx + 
∫ ∞
−∞
f ′(x)g′(x) e
−x2
x2 + a2 dx, (3)
that is, the pair{
e−x2 dx, e
−x2
x2 + a2 dx
}
is a symmetrically coherent pair which appears inMeijer’s classiﬁcation of 1997 (see [13]). Thus, another
goal of this paper is to solve a conjecture posed in [5] about the asymptotics of the smallest zeros of
the polynomials orthogonal with respect to the above Sobolev inner product. The method to solve this
problem allows us to solve an open problem that appears in [1] concerning the asymptotics of these
Sobolev orthogonal polynomials. This latest problem has also been solved independently using other
techniques in [8].
The notation along this paper is the following: Hn(x) = 2nxn + · · · denote the classical Hermite
polynomials and
‖Hn‖20 = (Hn,Hn)0 :=
∫ ∞
−∞
H 2n (x)e
−x2 dx = 2nn!√.
Tn(x)= 2nxn + · · · denote the orthogonal polynomials with respect to the inner product
(f, g)1 =
∫ ∞
−∞
f (x)g(x)
e−x2
x2 + a2 dx, a ∈ R\{0}
and
‖Tn‖21 = (Tn, Tn)1 :=
∫ ∞
−∞
T 2n (x)
e−x2
x2 + a2 dx.
Finally,Qn(x)=2nxn+· · · denote the orthogonal polynomials with respect to the Sobolev inner product:
> 0, a ∈ R\{0},
(f, g)S := (f, g)0 + (f ′, g′)1
=
∫ ∞
−∞
f (x)g(x)e−x2 dx + 
∫ ∞
−∞
f ′(x)g′(x) e
−x2
x2 + a2 dx
and
‖Qn‖2S = (Qn,Qn)S.
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The layout of the paper is the following: in Section 2 we obtain a Mehler–Heine-type formula for
the orthogonal polynomials associated to the measure d(x) = e−x2/(x2 + a2) dx. In Section 3 we get
a Mehler–Heine-type formula for the Sobolev polynomials orthogonal with respect to (3) and analyze
the asymptotic behaviour of the smallest zeros of these polynomials. Finally, in Section 4 we obtain the
relative asymptotics {Qn(x)/Hn(x)} on compact subsets of C\R.
2. A Mehler–Heine-type formula for the polynomials Tn
It was established [1]:
Proposition 1. It holds,
Tn(x)=Hn(x)+ ‖Tn‖
2
1
4‖Hn−2‖20
Hn−2(x), n2 (4)
with
lim
n→∞
‖Tn‖21
8n‖Hn−2‖20
= 1.
We can deduce from Perron’s theorem that (see [18, p. 199])
lim
n→∞ n
Hn(x)
Hn+2(x)
=−1
2
, (5)
uniformly on compact subsets of C\R. Using only this information it is clear that we can obtain neither
a useful Mehler–Heine-type formula for Tn nor useful exterior relative asymptotics Tn(x)/Hn(x) with
x ∈ C\R. In fact, we obtain
lim
n→∞
Tn(x)
Hn(x)
= 0,
uniformly on compact subsets of C\R.
Therefore, we need more asymptotic information about the coefﬁcient ‖Tn‖21/(4‖Hn−2‖20). We give
one more term in the asymptotic expansion of this coefﬁcient in the following result, which will be
sufﬁcient for our objectives.
Proposition 2. It holds,
lim
n→∞
√[n/2]
(
‖Tn‖21
8n‖Hn−2‖20
− 1
)
=−|a|.
Proof. We begin with the even case, that is, n= 2m. Integrating (4) with respect to d(x)= e−x2/(x2 +
a2) dx we have that
‖T2m‖21
4‖H2m−2‖20
=−
∫∞
−∞H2m(x) d∫∞
−∞H2m−2(x) d
.
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Taking into account the three-term recurrence relation for Hermite polynomials (see [18, p. 106])
Hn(x)= 2xHn−1(x)− 2(n− 1)Hn−2(x), n2,
we have
√
m
(
‖T2m‖21
16m‖H2m−2‖20
− 1
)
=√m
( − ∫∞−∞H2m(x) d
4m
∫∞
−∞H2m−2(x) d
− 1
)
=√m
(− ∫∞−∞ xH 2m−1(x) d+ 2m ∫∞−∞H2m−2(x) d− ∫∞−∞H2m−2(x) d
2m
∫∞
−∞H2m−2(x) d
− 1
)
=−
∫∞
−∞ xH 2m−1(x) d
2
√
m
∫∞
−∞H2m−2(x) d
− 1
2
√
m
. (6)
An asymptotic estimate of
∫∞
−∞H2m(x) d was given with a small error in [1], indeed we have
lim
m→∞
∫∞
−∞H2m(x) d
(−1)m22mm!e−a2Mm
(
Mm
1+Mm
)m+1√

m+1
= 1|a| , (7)
where
Mm =−1/2+
√
1/4+ (m+ 1)/a2. (8)
On the other hand, using the relation betweenHermite andLaguerre polynomials,L()n (see [18, f.(5.6.1)]),
Rodrigues’ formula for Laguerre polynomials (see [18, f.(5.1.5)]) and integrating by parts m times, we
have ∫ ∞
−∞
xH 2m+1(x) d= (−1)m22m+1m!
∫ ∞
−∞
x2L
(1/2)
m (x
2) d
= (−1)m22m+1m!
∫ ∞
0
1
x + a2L
(1/2)
m (x)e
−xx1/2 dx
= (−1)m22m+1
∫ ∞
0
1
x + a2
dm
dxm
(e−xxm+1/2) dx
= (−1)m22m+1m!
∫ ∞
0
e−xxm+1/2
(x + a2)m+1 dx.
We use Laplace’s method as in Lemma 2.4 in [1] and we obtain
lim
m→∞
∫∞
−∞ xH 2m+1(x) d
(−1)m22m+1m!e−a2Mm+1
(
Mm+1
1+Mm+1
)m+1
Mm+1
√

m+1
= |a|, (9)
whereMm is given in (8).
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Then, using (7–9), we get
lim
m→∞
∫∞
−∞ xH 2m−1(x) d
2
√
m
∫∞
−∞H2m−2(x) d
= lim
m→∞
∫∞
−∞ xH 2m−1(x) d
(−1)m−122m−1(m− 1)!e−a2Mm
(
Mm
1+Mm
)m
Mm
√ 
m
× lim
m→∞
(−1)m−122m−2(m− 1)!e−a2Mm−1
(
Mm−1
1+Mm−1
)m√ 
m∫∞
−∞H2m−2(x) d
× lim
m→∞
e−a2Mm
(
Mm
1+Mm
)m
Mm
e−a2Mm−1
(
Mm−1
1+Mm−1
)m√
m
= |a|.
Thus, from (6) and the above result we obtain
lim
m→∞
√
m
(
‖T2m‖21
16m‖H2m−2‖20
− 1
)
= − lim
m→∞
( ∫∞
−∞ xH 2m−1(x) d
2
√
m
∫∞
−∞H2m−2(x) d
+ 1
2
√
m
)
= − |a|,
which proves the result for the even case.
For the odd case, n=2m+1,we can use a process of symmetrization, that is, from (4) and the relation
between Hermite and Laguerre polynomials (see [18, p. 106]) we have
T2m+1(x)=H2m+1(x)+ ‖T2m+1‖
2
1
4‖H2m−1‖20
H2m−1(x)
= (−1)m22m+1m!x
(
L
(1/2)
m (x
2)− ‖T2m+1‖
2
1
16m‖H2m−1‖20
L
(1/2)
m−1 (x
2)
)
,
then
Am(y) := T2m+1(x)
(−1)m22m+1m!x = L
(1/2)
m (y)− ‖T2m+1‖
2
1
16m‖H2m−1‖20
L
(1/2)
m−1 (y)
= (−L(−1/2)m+1 (y))′ −
‖T2m+1‖21
16m‖H2m−1‖20
(−L(−1/2)m (y))′,
and, thus the pair of sequences of polynomials {Am,−L(−1/2)m } is a coherent pair of Laguerre type II
(see [13]) and in [14, Lemma 4.4] the asymptotic behaviour of the corresponding coherence parameters
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was proved. In our case, we have
lim
m→∞
√
m
(
‖T2m+1‖21
16m‖H2m−1‖20
− 1
)
=−|a|,
and the result can be deduced for the odd case. 
The computation of ‖Tn‖21/(4‖Hn−2‖20) is very important in order to generate the polynomials Tn.This
coefﬁcient can be computed using the nonlinear recurrence relation obtained in [1, formula (2.19)]:
‖Tn+2‖21
4‖Hn‖20
= 4(n+ a2)+ 2− 16n(n− 1)‖Hn−2‖
2
0
‖Tn‖21
, n2.
Taking into account that this difference equation is highly unstable, in order to compute efﬁciently√[n/2](‖Tn‖21/(8n‖Hn−2‖20)− 1) for different values of n we have used an extra precision.
a2 = 4 a2 =
(
1+√5
2
)2
Square of the golden ratio
n= 25 −1.5453864112 −1.3367615383
n= 500 −1.9043842042 −1.5650873034
n= 3725 −1.9648573536 −1.5988217686
n= 10000 −1.9787396252 −1.6064980242
Now, we are in a position to establish a Mehler–Heine-type formula for the polynomials Tn.
Proposition 3. It holds
lim
n→∞
(−1)nT2n
(
x/
(
2
√
n
))
22n(n− 1)! =
|a|√

cos(x),
lim
n→∞
(−1)n√nT2n+1
(
x/
(
2
√
n
))
22n+1n! =
|a|√

sin(x)
both uniformly on compact subsets of C.
Proof. We establish the result for the even case, that is, n= 2m. Using the three-term recurrence relation
for Hermite polynomials, relation (4) can be rewritten as
T2m(x)=H2m(x)+ ‖T2m‖
2
1
4‖H2m−2‖20
H2m−2(x)
= 2xH 2m−1(x)+
(
‖T2m‖21
4‖H2m−2‖20
− 2(2m− 1)
)
H2m−2(x).
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Thus, scaling the variable x we get
(−1)mT2m
(
x/
(
2
√
m
))
22m(m− 1)! =
x
2
√
m
(−1)mH2m−1
(
x/
(
2
√
m
))
22m−1(m− 1)!
+ (−1)
m√mH2m−2
(
x/
(
2
√
m
))
22m−2(m− 1)!
√
m
(
‖T2m‖21
16m‖H2m−2‖20
− 2m− 1
2m
)
.
It only remains to use Proposition 2 and Mehler–Heine-type formulas (1–2) for Hermite polynomials.
The proof for the odd case works in the same way and also uses
lim
n→∞
√[n/2]
(
‖Tn‖21
8n‖Hn−2‖20
− 1
)
=−|a|. 
From Hurwitz’s theorem and Proposition 3 we have the asymptotic behaviour of the smallest zeros of
Tn, that is,
Corollary 1. Let tn,i be the positive zeros of Tn. Then
lim
n→∞ 2
√
nt2n,i = (2i − 1)2 , limn→∞ 2
√
nt2n+1,i = i, i ∈ N.
3. Mehler–Heine-type formula for Hermite–Sobolev orthogonal polynomials
We consider the Sobolev inner product:
(f, g)S =
∫ ∞
−∞
f (x)g(x)e−x2 dx + 
∫ ∞
−∞
f ′(x)g′(x) e
−x2
x2 + a2 dx (10)
with > 0 and a ∈ R\{0}.
It was established in [11, Theorem 4] an algebraic relation between the orthogonal polynomials with
respect to (10),Qn, and the classical Hermite polynomials:
Rn+2(x) := Hn+2(x)+ ‖Tn+1‖
2
1
4‖Hn−1‖20
n+ 2
n
Hn(x)=Qn+2(x)+ anQn(x), n1. (11)
Note thatQi(x)=Ri(x)=Hi(x), i = 0, 1, 2. The polynomials Rn, which are a linear combination of
two Hermite polynomials, have been well studied. For example, in [1,7] it was proved that
Rn(x)= lim
→∞Qn(x), R
′
n(x)= 2nT n−1(x), n1,
that is, Rn are the primitives of Tn. Furthermore, in [7] the authors prove that R2n+1(x) has 2n + 1
different, real zeros and R2n(x) can have complex zeros under certain assumptions, but when n is large
enough all the zeros are different and real. On the other hand, we can assure that the asymptotic behaviour
of the smallest zeros of Rn and Tn is the same since we have the following result:
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Proposition 4. It holds, for j ﬁxed,
lim
n→∞
(−1)nR2n
(
x/
(
2
√
n+ j))
22n(n− 1)! =
|a|√

cos(x),
lim
n→∞
(−1)n√nR2n+1
(
x/
(
2
√
n+ j))
22n+1n! =
|a|√

sin(x),
both uniformly on compact subsets of C.
Proof. The same steps as in Proposition 3. 
We need a Mehler–Heine-type formula for the polynomials Rn in the above proposition to establish a
Mehler–Heine-type formula for the Sobolev orthogonal polynomials. Furthermore, to obtain this formula
we use the following result:
Lemma 1 (Alfaro et al. [1, Lemma 2.6]). The sequence (an/(2(n+2)))n1 is bounded by (1+a2)/(1+
a2 + 2) and converges to 1/((1+ 2)) where (x)= x +√x2 − 1.
Thus, we get
Theorem 1. The following Mehler–Heine-type formulas for the polynomials Qn(x) = 2nxn + · · · or-
thogonal with respect (10) hold:
lim
n→∞
(−1)nQ2n
(
x/
(
2
√
n
))
22n(n− 1)! =
(1+ 2)
(1+ 2)− 1
|a| cos(x)√

,
lim
n→∞
(−1)n√nQ2n+1
(
x/
(
2
√
n
))
22n+1n! =
(1+ 2)
(1+ 2)− 1
|a| sin(x)√

,
both uniformly on compact subsets of C, being (x)= x +√x2 − 1.
Proof. Applying (11) in a recursive way we obtain
Qm(x)=
[(m−1)/2]∑
i=0
(−1)ic(m)i Rm−2i , m1,
where
c
(m)
i =
i∏
j=1
am−2j , i1 and c(m)0 = 1.
We consider the even case m= 2n. Scaling the variable x in the above expression forQ2n, we have
(−1)nQ2n
(
x/
(
2
√
n
))
22n(n− 1)! =
n−1∑
i=0
c
(2n)
i
22i
∏i−1
j=0(n− j)
(−1)n−iR2n−2i
(
x/
(
2
√
n
))
22n−2i(n− i)! . (12)
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We want to take limits in (12) when n →∞ and apply Lebesgue’s dominated convergence theorem (e.g.
see [16]), then we need a convergent majorant for the sum in (12). Fortunately, we have Lemma 1 and
Proposition 4. Applying these results we get, for in and n large enough,∣∣∣∣∣ c
(2n)
i
22i
∏i−1
j=0(n− j)
(−1)n−iR2n−2i
(
x/
(
2
√
n
))
22n−2i(n− i)!
∣∣∣∣∣ C
(
1+ a2
1+ a2 + 2
)i
uniformly on compact subsets of C.Moreover, for i ﬁxed, we get
lim
n→∞
c
(2n)
i
22i
∏i−1
j=0(n− j)
(−1)n−iR2n−2i
(
x/
(
2
√
n
))
22n−2i(n− i)! =
(
1
(1+ 2)
)i |a|√

cos(x),
uniformly on compact subsets of C. Thus, the hypotheses of Lebesgue’s dominated convergence theorem
are satisﬁed and we obtain
lim
n→∞
(−1)nQ2n
(
x/
(
2
√
n
))
22n(n− 1)! =
|a|√

cos(x)
∞∑
i=0
(
1
(1+ 2)
)i
= (1+ 2)
(1+ 2)− 1
|a|√

cos(x)
uniformly on compact subsets of C.
For the odd case we can proceed in the same way as in the even case. 
Corollary 2. Let qn,i be the positive zeros ofQn. Then
lim
n→∞ 2
√
nq2n,i = (2i − 1)2 , limn→∞ 2
√
nq2n+1,i = i, i ∈ N.
Using Corollaries 1 and 2 and Proposition 4, we get
Corollary 3. The asymptotic behaviour of the smallest zeros of the polynomials Hn, Tn, Rn and Qn is
the same.
In [5] we made some numerical experiments and conjectured that the smallest zeros ofQn are in some
sense close to those of Tn. Now, from this corollary we know that the smallest zeros of both families are
asymptotically equal.
4. Relative asymptotics
In [1, Theorem 2.7] we establish
lim
n→∞
Qn(x)
Hn(x)
= 0
uniformly on compact subsets of C\R. Obviously, this result does not give asymptotic information about
the polynomialsQn. Now we can improve this result using Proposition 2. In fact, we get
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Theorem 2. It holds
lim
n→∞
√[n
2
]Qn(x)
Hn(x)
=


(1+ 2)
(1+ 2)− 1(−ix + |a|) if x ∈ C+,
(1+ 2)
(1+ 2)− 1(ix + |a|) if x ∈ C−,
uniformly on compact subsets of half-planes C+ := {x = + i ∈ C: > 0} and C− := {x = + i ∈
C: < 0}, respectively and where (x)= x +√x2 − 1.
Remark. The result in Theorem 2 for monic polynomials has also been obtained independently using
other techniques in the preprint [8] (private communication by Prof. Marcel G. de Bruin during the
conference held in RZros, Norway, which I appreciate).
To prove this theorem, we need to establish another result of independent interest.
Proposition 5. It holds
lim
n→∞
√[n
2
] Tn(x)
Hn(x)
= lim
n→∞
√[n
2
]Rn(x)
Hn(x)
=
{−ix + |a| if x ∈ C+,
ix + |a| if x ∈ C−,
uniformly on compact subsets of half-planes C+ := {x = + i ∈ C: > 0} and C− := {x = + i ∈
C: < 0}, respectively.
Proof. From Perron’s formula [18, p. 199] we get for the Laguerre polynomialsL()n (x)= (−1)n/n!xn+
· · ·
lim
n→∞ n
(!−j)/2 L
(+j)
n+k (x)
L
(+!)
n+h (x)
= (−x)(!−j)/2, h, j, k, ! ∈ Z, (13)
uniformly on compact subsets of C\[0,∞). Then, using the relation between Laguerre and Hermite
polynomials (see [18, p. 106]):
H2m(x)= (−1)m22mm!L(−1/2)m (x2), H2m+1(x)= (−1)m22m+1m!xL(1/2)m (x2),
and formula (13) we can deduce (5) and
lim
n→∞
√[n
2
] Hn(x)
Hn+1(x)
=
{−i/2 if x ∈ C+,
i/2 if x ∈ C−, (14)
uniformly on compact subsets of half-planes C+ := {x =  + i ∈ C: > 0} and C− := {x =  +
i ∈ C: < 0}, respectively. Then, from (4) and using the three-term recurrence relation for Hermite
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polynomials, we have√[n
2
] Tn(x)
Hn(x)
= 2x
√[n
2
]Hn−1(x)
Hn(x)
+ Hn−2(x)
Hn(x)
√[n
2
]( ‖Tn‖21
4‖Hn−2‖20
− 2(n− 1)
)
= 2x
√[n
2
]Hn−1(x)
Hn(x)
+ 2nHn−2(x)
Hn(x)
√[n
2
]( ‖Tn‖21
8n‖Hn−2‖20
− 2(n− 1)
2n
)
.
Taking into account (5), (14) andProposition 2wehave the result for the sequence {√[n/2]Tn(x)/Hn(x)} .
In an analogous way we can establish the result for the sequence
{√[n/2]Rn(x)/Hn(x)} . 
Corollary 4. It holds,
lim
n→∞ n
Rn(x)
Rn+2(x)
=−1/2,
uniformly on compact subsets of C\R.
Proof. It is straightforward from (5) and the above proposition. 
Proof of Theorem 2. From relation (11), Lemma 1, and Corollary 4 we can obtain
Fn+2(x)= 1+ bn(x)Fn(x), (15)
where Fn(x) := Qn(x)/Rn(x), bn(x) := −anRn(x)/Rn+2(x) and
b := lim
n→∞ bn(x)=− limn→∞
an
n
nRn(x)
Rn+2(x)
= 1
(1+ 2) < 1,
uniformly on compact subsets ofC\R. Therefore, the sequence {Fn(x)} is uniformly bounded on compact
subsets of C\R and given that relation (15) can be rewritten as
Fn+2 = 11− b + b
(
Fn(x)− 11− b
)
+ (bn(x)− b)Fn(x),
then, we have that the sequence {Fn(x)} is convergent and
lim
n→∞Fn(x)= limn→∞
Qn(x)
Rn(x)
= 1
1− b =
(1+ 2)
(1+ 2)− 1 , (16)
holds uniformly on compact subsets of C\R. Finally, using relation (16) and Proposition 5 we obtain the
result. 
Remark 1. I want to note that this result is in concordance with Theorem 3.1(ii) in [1] about the
Plancherel–Rotach-type asymptotics for these Sobolev orthogonal polynomials.
Remark 2. From Theorem 2 and Perron’s formula we can get the strong asymptotics of Qn uniformly
on compact subsets of C\R.
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